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Introduction 

A partial differential equation (PDE) describes a relation between 

an unknown function and its partial derivatives. PDEs appear frequently 

in all areas of physics and engineering. Moreover, in recent years we have 

seen a dramatic increase in the use of PDEs in areas such as biology, 

chemistry, computer sciences (particularly in relation to image processing 

and graphics) and in economics (finance). In fact, in each area where 

there is an interaction between a numbers of independent variables, we 

attempt to define functions in these variables and to model a variety of 

processes by constructing equations for these functions. When the value 

of the unknown function(s) at a certain point depends only on what 

happens in the vicinity of this point, we shall, in general, obtain a PDE.  

In the first semester, we shall study the following three chapters: 

Chapter One: Definitions and Preliminaries.  

Chapter Two: First Order Quasi- Linear and Linear PDEs. 

Chapter Three: First order Nonlinear PDEs. 

Chapter Four: Higher Order linear PDEs. 

 

 

 

Chapter One 

Definitions and Preliminaries 
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     Equations involving one or more partial derivatives of a function of 

two or more independent variables are called partial differential equations 

(PDEs). The general form of a PDE for a function u(x1, x2,..., xn) is :  

F(x1, x2, . . . , xn, u, ux1 , ux2, . . . , ux11, . . .) = 0             (1.1)                         

where x1, x2, . . . , xn are the independent variables, u is the unknown 

function, and uxi denotes the partial derivative 
ix

u




. The equation is, in 

general, supplemented by additional conditions such as initial conditions 

or boundary conditions. 

     Well known examples of PDEs are the following equations of 

mathematical physics in which the notation: ux =
x

u




, uxy=

xy

u




, uxx= 2

2

x

u




, 

etc., is used: 

[1] One-dimensional wave equation: utt = c
2
 uxx 

[2] One-dimensional heat equation: ut = c
2
 uxx 

[3] Laplace equation: uxx+uyy = 0,   (2-D),   or                  uxx+uyy+uzz= 0   ,           

(3-D) 

[4] Poisson equation: uxx+uyy = f(x, y ),  (2-D),  or             uxx+uyy+uzz= 

f(x,y,z) ,   (3-D) 

Def: The order is defined to be the order of the highest derivative in the 

equation. If the highest derivative is of order k, then the equation is said 

to be of order k. Thus, for example, the equation utt − uxx = f (x, t) is called 

a second-order equation, while ut + uxxxx = 0 is called a fourth-order 

equation. 

The general form of the 1
st
 order PDE is: 

                                          F(x, y, z, zx, zy) =0   ,     where     z=z(x,y)                              

(1.2) 

                                          F(x, y, z, u, ux, uy, zy) =0   ,     where     

u=u(x,y,z)                 (1.3) 
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The general form of the 2
nd

  order PDE is 

                                          F(x, y, z, zx, zy, zxx ,zxy, zyy) =0   ,     where     

z=z(x,y)          (1.4) 

Def: The degree of the PDE is the power of the highest ordered partial 

derivative in the equation. For example: wave equation: utt = c
2
 uxx of the 

2
nd

 order and 1
st
 degree 

                                      heat equation: ut = c
2
 uxx  of the 2

nd
 order and 1

st
 

degree    

Def:  A PDE is linear if the dependent variable and its derivatives are all 

of first degree and not multiplied together, otherwise it is nonlinear. 

For example zx=zyy is linear , while   zx+zzyy=sin xy and 2)(2
x

z
y

y

z









 are 

nonlinear.  

The general form of the 2
nd

  order linear PDE is 

           R(x,y) zxx+S(x, y) zxy + T(x, y) zyy + P(x, y) zx+ Q(x,y) zy+ Z(x,y) z 

=F(x, y)       (1.5) 

Where R,S, T, P, Q, Z are functions of the independent variables x and y.  

Def: Nonlinear PDE is said to be quasi-linear if it is linear in the highest 

ordered partial derivatives of the depended variable. 

The general form of the 1
st
  order quasi-linear PDE is 

                           P(x, y, z) zx + Q(x, y, z) zy = R(x, y, z)    where   z=z( x, y)      

           (1.6) 

Where P, Q, R are functions of the dependent variable z and independent 

variables x, y. This PDE is called Lagrange Partial Equation. For 

example zx+zzyy=sin xy is quasi linear while 2)(2
x

z
y

y

z









 is nonquasi 

linear. 
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Def: A PDE is homogeneous if each term in the equation contains either 

the dependent variable or one of its derivatives. Otherwise, the equation 

is said to be non-homogeneous. 

For example the 2
nd

 order linear PDE (1,5) is nonhomogeneous, if F(x, y) 

=0 then it is homogeneous. 

Def: The PDE is called with constant coefficients if all the coefficients 

are constants; otherwise it is with variables coefficients. For example 

zxx+2zxy+zyy=0 is of constant coefficients while  x
2
 zxx-y

3
 zyy+zx=0 is of 

variable coefficients. 

Def: The linear PDE is said to be of homogeneous terms if all the partial 

derivatives appearing in the equation are of the same order. For example 

2
2

2

2

4x
yx

z
x

x

z










 is of homogeneous terms while 

2

2

2

2

3

3

3
2 5 x

x

z

yx

z
xy

x

z
x 














 is of nonhomogeneous terms. 

  

 

H.W.: 

PDE 
Ord

er 

degr

ee 

Line

ar 

Quas

i 

Line

ar 

Homo

g-

eneou

s 

Constan

t 

Coeffici

ent 

Hom

o. 

Ter

ms 

zxx-2zxy+2zyy=x+3y 2 1 √ √ x √ √ 

x
2
zxx-y

3
zyy+zx=sinx 2 1 √ √ x x x 

xzyyy=y
3
zxx 3 1 √ √ √ x x 
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z(x
2
 zy+y

2
 zx)=xy

2
cosz 1 1 x √ √ x - 

2)(2
x

z
y

y

z









 1 2 x x √ x - 

z
2

xx+2zxy+3z
2

y=xy
2
z 2 2 x x √ x - 

x
2
zxx-z

2
=0 2 1 x √ √ x - 

yuy-2x
3
y

3
uxy=g(x, y) 2 1 √ √ x x x 

e
x+y

zx+ secx zy-z=0 1 1 √ √ √ x √ 

zxzy-1=0 1 1 x x x √ - 

uxxxx-utt=0 4 1 √ √ √ √ x 

0)(3)(2)( 3
2

3

3















xy

y

z

yx

z

x

z

 

3 1 x x x √ - 

uuxx+uy+uzz=0 2 1 x √ √ √ - 

xzxx+yzyy=0 2 1 √ √ √ x √ 

zx+ e
-x
 zyy=0 2 1 √ √ √ x x 

uxxy+xuyy+8u=7y 3 1 √ √ x x x 

  

Def: A solution of a PDE is a function u such that it satisfies the equation 

under discussion and satisfies the given conditions as well. In other 

words, for u to satisfy the equation, the left hand side of the PDE and the 

right hand side should be the same upon substituting the resulting 
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solution. For example, u = x
2
 – y

2
, u = e

x
 cos(y), and u = ln(x

2
+y

2
), are all 

solutions to the two-dimension Laplace equation uxx+uyy = 0. 

Def: A general solution of a PDE is a solution that contains arbitrary 

function equal in numbers to the order of the PDE. A particular solution 

of a PDE is a solution obtained from the general solution by particular 

selection of the arbitrary functions. 

Remarks: 1- The general solution of linear ODE of order n is a family of 

solutions depending on n arbitrary constants. In the case of PDE, the 

general solution depends on arbitrary functions rather than on arbitrary 

constants. 

2- In the case of ODE, the first step is to find the general solution and 

then a particular solution is determined by finding the values of arbitrary 

constants from the given conditions. But for PDE, selecting a particular 

solution satisfies the given conditions from the general may be more 

difficult, because the general solution of PDE contains arbitrary 

functions. 

Def: The complete solution of PDE is a solution that contains arbitrary 

constants. 

Properties of arbitrary functions: 

1- If (u) is an arbitrary function and A is a constant then each of 

A(u) , (Au) and (u)+A is an arbitrary function. 

2- If (u) is an arbitrary function then )(u and  duu)( are arbitrary 

functions. 

3- If A1 and  A2 are arbitrary constants then A1 can be written as an 

arbitrary function of A2, that is A1=(A2) also A2=(A1). 

4- If (u,v) =0 where  is an arbitrary function then u can be written 

as an arbitrary function of v, u =(v) also v=θ(u). 
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Def: Initial value problem (IVB) is the problem of finding an 

unknown function of PDE satisfying initial conditions I.C. (which 

describe the unknown function throughout the given region at an 

initial point). 

Def: Boundary Value Problem (BUP) is the problem of finding an 

unknown function of PDE satisfying boundary conditions B.C. (which 

describe the unknown function at boundary points of the regions). 

Def: Initial-Boundary value problem (IBVP) is the problem that 

consists of PDE and I.C. and B.C. The IBVPs are mathematical model 

of most physical phenomena. 

Example: IBVP: 

PDE:                    Ut=Uxx ,              0 < x < l , t > 0  

I.C. :                    U(x, 0) = To ,      0 ≤ x ≤ l      

B.C. :                  U(0, t) = T1,        t > 0 

                            U(l, t) =T2 

The heat equation in a rod of length l.   

Example: Verify that z =Ax
2
+By

2
 where A and B are arbitrary 

constant is a solution of the PDE:     x zx + y zy = 2z    diff. with respect 

to x and y , we get: 

xz
x

x A2



 

yz
y

y B2



 

L.H.S. = xzx+yzy= x (2Ax)+y(2By) = 2Ax
2
+2By

2
 = 2(Ax

2
+By

2
) = 2z 

=R.H.S 

Then z = Ax
2
+By

2
  is a solution of the given PDE 

This solution is called complete solution of the PDE because it is 

contains arbitrary constants A & B. 
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Example: Verify that z =  (2x + y) where  is arbitrary function is a 

solution of the PDE zx-2zy=0  . 

z =  (u), u = 2x+y  

diff. w.r.t. x and y , we get: 

)(22).(. uu
x

u

u
z

x
x 
















    

)(1).(. uu
y

u

u
z

y
y 
















                        

L.H.S. = zx-2zy= )(2)(2 uu   = 0 = R.H.S. 

Then z =  (2x + y) is a solution of PDE zx-2zy=0   

This solution is called the general solution of the given PDE because it 

contains arbitrary function equal to the order of the PDE. 

Example: Verify that z= y
2
+y(x)+(x) where  &  are arbitrary 

functions is a solution of the PDE 2
2

2






y

z
. 

diff. w.r.t. x and y , we get: 

2

)(2

2

2











yy

y

z
y

z

xyz
y

z


 

Then L.H.S.=2=R.H.S. 

It is a general solution of the PDE because it has arbitrary functions. 

Some particular solutions: 

z= y
2
+y sinx+x

2
   ,     z= y

2
+yx

2
+2x     , z=y

2
+y lnx+x

3 

H.W.: Verify that: 1- z=Ax+A
2
y

2
+B is a solution of the PDE : 

2)(2
x

z
y

y

z









  

2- u=(x-ct)+(x+ct) is the general solution of the wave equation : 

utt=c
2
uxx 

1.2.: Construction of PDE from a Solution 
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    We can find the PDE from a given relation between the variables 

(which represent a solution) by: 

- Elimination of arbitrary constants. 

- Elimination of arbitrary functions. 

Elimination of arbitrary constants: 

     Consider the dependent variable z is a function of two independent 

variables x and y. 

Case (1): The number of arbitrary constants ≤ the number of independent 

variables 

i.e. The given solution is defined by the relation :  

                                        F(x, y, z, A, B)=0      or        F(x, y, z, A)=0             

……….(1.7) 

where A and B are arbitrary constants. 

Then we can find the PDE by the following steps: 

Step (1): Differentiating (1.7) partially with respect to x and y, we get 

two equations. 

Step (2): Eliminating the arbitrary constants from the given solution (1.7) 

and these two equations (from step 1) , will get the required PDE. In this 

case, we get one or more PDE of 1
st
 order. 

Case (2): The number of arbitrary constants > the number of independent 

variables. 

i.e.                                        F(x, y, z, A, B, C,)=0                               (1.8) 

where A, B and C are arbitrary constants. 

We perform step (1) as in case (1) but these resulting equations are not 

sufficient for the elimination of three constants. So we must obtain the 

partial derivatives of order two and the eliminating the arbitrary constants 

(A, B and C) from these equations will give the PDE. 
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     In this case it is possible to get more than PDE which is of order 

higher that in the first case. 

Example 1: Find the PDE by eliminating the arbitrary constants from 

each of the relations: 

1- z = Ax
2
 +By

2  
                 where z=z(x, y) 

2- z =Ax + y 

3- z = Ax + By + Cxy   

 Sol.  1-  z = Ax
2
 +By

2
   …..  (1) 

               zx = 2Ax         …..  (2)     →     A = 
x

zx

2
 

               zy = 2By        …… (3)     →     B = 
y

z y

2
 

Then by substituting eq. 2 & 3 in 1 , we get: 

z = 
x

zx

2
.x

2
 + 

y

z y

2
.y

2
       →        z = xxz

2

1
+ yyz

2

1
  is a PDE of the first order 

 

2-  z =Ax + y     ……(1) 

     zx = A           ……(2)         →     A = zx      

     zy = 1           …….(3) 

Then by substituting eq. 2 in 1, we get: 

z = x zx + y     →   x zx + y = z     is a PDE of the first order 

 

3-  z = Ax + By + Cxy             …… (1) 

     zx = A + C y                        ……(2)    

     zxx = 0     is a PDE of the 2
nd

 order  

     zxy= C                                   ….. (3) 

     zy = B + Cx                        …… (4)         

     zyy=0   is a PDE of the 2
nd

 order 

by substituting 3 in 4 , we get:     zy= B + x zxy                     

                                                              →      B=  zy - x zxy   …. (5)     
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by substituting 3 in 2 , we get:      zx = A + y zxy 

                                              →     A = zx – y zxy   ….(6) 

 by substituting 3, 5, 6 in 1 , we get:  

z =   (zx – y zxy ) x + (zy - x zxy) y + xy zxy  → z = x zx – xy zxy + y zy - xy zxy + 

xy zxy                        

→ z = x zx – xy zxy + y zy   is a PDE of the 2
nd

 order. 

Example 2: Find the PDE of the family of spheres with centers on the x-

axis. 

Sol. The equation of the sphere with center (a,b,c) and radius r is: 

( x- a)
2
+( y- b)

2
+( z- c)

2
=r

2
 

Then the equation of the sphere with center (a,0,0) and radius r is: 

( x- a)
2
+( y- 0)

2
+( z- 0)

2
=r

2
 

( x- a)
2
+ y

2
+ z

2
=r

2
     ……….. (1) 

By derivative (1) w.r.t. x, we get:     2( x- a) + 2 z zx =0     ……….(2) 

By derivative (1) w.r.t. y, we get:     2y + 2 z zy =0            ……….(3)  

Then y + z zy =0 is a PDE of the family of spheres with centers on the x-

axis. 

H.W.1 : Find the PDE by eliminating the arbitrary constants from each of 

the relations: 

1) z = A( x + y)          2) z = Ax + A
2
y

2
 + B              3) Ax + By + Cz =1 

H.W.2: Find the PDE whose solution is all spheres with centers on the x-

axis and of radius1. 
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Elimination of arbitrary functions: 

     Consider the dependent variable z is a function of two independent 

variables x and y. 

Case (1): The solution contains n arbitrary functions of the form  (u) 

where u = u(x, y). 

Step (1): Differentiate the solution partially w.r.t. x & y (we must find the 

partial derivatives of order n). 

Step (2): Eliminating the n arbitrary functions and their derivatives from 

the resulting equations will give PDE of order n. 

Example: Find the PDE whose general solution is given by the relation: 

1- z= (x)+ (y)       2- z= x
2 (x-y)        

Sol.  

     1- z=(x)+(y)        

           zx= )(x     &    zy= '(y)  

           zxx= )(x      &    zyy= ''(y)      &    zxy=0 is a PDE of order 2. 

2- z= x
2(x-y)                                …..(1) 

zx=2x (x-y) + x
2 '(x-y)           …..(2)   

zy =- x
2 '(x-y)   →      '(x-y)=- 

2x

z y    …..(3) 

by substituting (3) in (2), we get: 

 zx=2x (x-y) - x
2
 

2x

z y    →  (x-y)= 
x

zz yx

2


   …..(4) 

by substituting (4) in (1), we get: 

x

z2
= zx+zy  is a PDE of the 1

st
 order. 

Case (2): Where the solution is given by the relation (u, v)=0 

where u=u(x, y, z) and v=v(x, y, z). 

Then differentiating the relation partially w.r.t. x & y respectively, 

we get: 
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0










































xx z

z

v

x

v

v
z

z

u

x

u

u


    …..(1) 

0










































yy z

z

v

y

v

v
z

z

u

y

u

u


    .….(2) 

 

eliminating  
u


 & 

v


 from (1) & (2), we have: 

0

          

         







































yy

xx

z
z

v

y

v
z

z

u

y

u

z
z

v

x

v
z

z

u

x

u

 

→ [ xz
z

u

x

u









][ yz

z

v

y

v









]-[ xz

z

v

x

v









][ yz

z

u

y

u









]=0 

→ ( uyvz-uzvy)zx+(uzvx-uxvz)zy =(uxvy-uyvx) 

This PDE is of the form Pzx+Qzy=R (Lagrange PDE). 

Example: Find the PDE whose solution is given by the relation: 

1- 0),(
2

 yx
x

z
                  2-  (x

2
-z

2
, x

3
-y

3
)=0 

Sol. 1-  0),(
2

 yx
x

z
  → yxzyxv

x

z
zyxu  ),,(,      ),,(

2
 

→ 
22y2

1
        ,,      

2

x
u

x

z
u

x

z
u z

y

x 


  

&  0         ,1            ,1  zyx vvv  

        ( uyvz-uzvy)zx+(uzvx-uxvz)zy =(uxvy-uyvx) 

   →   (
2x

z y .0 - 
2

1

x
.(-1)) zx+(

2

1

x
.1- 

2

2

x

z
.0) zy=( 

2

2

x

z
 (-1)- 

2x

z y
.1) 

  →   
2

1

x
 zx+ 2

1

x
 zy = 

2

2

x

z
-

2x

z y               →   zx+2 zy =2z 

2-  (x
2
-z

2
, x

3
-y

3
)=0 → 3322 ),,(,      z-),,( yxzyxvxzyxu   

ux= 2x ,     uy= 0,       uz= -2z   

vx= 3x
2
,     vy= -3y

2
,    vz= 0 

(uyvz-uzvy) zx+(uzvx-uxvz) zy =(uxvy-uyvx) 



15 
 

→  ( 0 – (-2z)(-3y)) zx+((-2z)(3x
2
)- 0) zy=((2x)(-3y)-0)   

→ -6zy
2
 zx- 6x

2
z zy= -6xy

2 
      → 6zy

2
 zx+ 6x

2
z zy= 6xy

2
 

H.W: Find the PDE whose solution is given by the relation: 

1- )(
x

y

x

z
                     2- ln z=y+ (x-y)                 3- u= (x-

ct)+ (x+ct) 

4- 0),(
3


x

z

y

x
       5-  0),( 22  zyx        6- 0)ln,(  yzyx     7- 

z =Ax
2
+ (y) 

 

 

 

 

 

 

 

 

 

 

 

 

Chapter Two 

First Order Quasilinear and Linear PDE 

 In this chapter we shall solve the first order quasilinear PDE by 

using the method of characteristics due to Lagrange. 
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 The 1
st
 order linear PDE is of the form: 

                  P(x, y) zx + Q(x, y) zy +Z(x, y) z = f(x, y)                   where 

z=z(x, y)            (2.1) 

The 1
st
 order quasilinear PDE is of the form: 

      P(x, y, z) zx + Q(x, y, z) zy = R(x, y, z)                       where 

z=z(x, y)           (2.2) 

and it is called Lagrange Partial Equation. 

 

2.1: Solving Quasilinear PDE (Lagrange PDE) 

The general solution of PDE in (2.2) is  (u1, u2)=0 where  is an 

arbitrary function and u1(x, y, z)= A1 , u2(x, y, z)= A2 are two independent 

solution of the ODE: 

R

dz

Q

dy

P

dx
  

these first order ODE is called Auxiliary equations ore Lagrange system. 

* Method of Solution the Lagrange System: 

Step(1): Write down the auxiliary equations (Lagrange system): 

                R

dz

Q

dy

P

dx
  

Step (2): Find two independent solutions of Lagrange system say: 

              u1(x, y, z)= A1 , 

             u2(x, y, z)= A2 

Step (3): Set  (u1, u2)=0 where  arbitrary function and this represent the 

general solution of Lagrange PDE. 

Also it has the form : u1=  (u2)   or    u2 =  (u1) 

Set u1= Au2+B   or   u1= Au2+B  where A & B an arbitrary constants and 

this represent the complete solution of Lagrange PE. 
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Remark: Lagrange method may be extended to solve 1
st
 order 

quasilinear PDE containing more than two independent variables. 

*Geometrical interpretation of the general solution: 

 The general solution of ODE represent integral curves in xy-plane 

R
2
, but the general solution of PDE represent integral surface in (x, y, z)-

space R
3
. 

Example: Find the general solution of the Lagrange DEs : 

1- xzx-yzy-3z=0                2- 3zx+4zy=2              3- zx+zy=
x

z2
 

Sol.: 1)  xzx-yzy-3z=0  →  xzx-yzy=3z   → P=x, Q=-y & R=3z      →The 

Lagrange system : 

               
z

dz

y

dy

x

dx

3



  , to find two solution of Lagrange system: 

               
y

dy

x

dx


   →  ln x = -ln y + ln c →   ln x +ln y = ln c → xy =A1 

→ u1= xy =A1 

   
z

dz

x

dx

3
   →   03 

x

dx

z

dz
→ ln z- 3 ln x=ln c → 23

A
x

z
 → u2=

23
A

x

z
  

Then the general solution is :  ( xy, 
3x

z
)=0  where  is an arbitrary 

function. 

The complete solution is : u1=Au2+B → xy = A
3x

z
 + B  or  u2=Au1+B → 

3x

z
=Axy+B where A & B are arbitrary constants. 

2) 3zx+4zy=2    →    P = 3,    Q= 4    &   R=2   →The Lagrange system: 

        
243

dzdydx
   , to find two solution of Lagrange system: 

       
43

dydx
     →     1

4

1

3

1
Ayx       →     u1= 1

4

1

3

1
Ayx   
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23

dzdx
      →     2

2

1

3

1
Azx       →     u2= 2

2

1

3

1
Azx   

Then the general solution is :  ( yx
4

1

3

1
 , zx

2

1

3

1
 )=0  where  is an 

arbitrary function. 

The complete solution is : u1=Au2+B → yx
4

1

3

1
  = A( zx

2

1

3

1
 ) + B 

  or  u2=Au1+B → zx
2

1

3

1
 =A( yx

4

1

3

1
 )+B where A & B are arbitrary 

constants. 

3)  zx+zy=
x

z2
 → P = 1, Q = 1 & R = 

x

z2
  →The Lagrange system: 

        

x

z

dzdydx

211
   , to find two solution of Lagrange system: 

       
11

dydx
  → x - y = A1 → u1= x - y = A1 

       

x

z

dzdx

21
  →   

z

xdzdx

21
   →   

z

dz

x

dx


2
 →  0

2


x

dx

z

dz
  →  ln z – 2 ln x 

= c → 222 A
x

z
u   

Then the general solution is :  ( x-y, 
2x

z
) =0  where  is an arbitrary 

function. 

The complete solution is : u1=Au2+B →  x-y = A (
2x

z
) + B 

  or  u2=Au1+B → 
2x

z
 =A( x-y )+B where A & B are arbitrary constants. 

Remark: If any coefficient P, Q or R in the equation equal to zero then 

we put dx, dy or dz respectively equlal to zero. For example : if Q =0 then 

the Lagrange system is:  

R

dzdy

P

dx


0
 → dy = 0 → y= c → u1=y=A1 and we get u2=A2 from 

R

dz

P

dx
 . 
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H.W.:   Find the general solution of the Lagrange DEs : 

1- xzx+2z=0                2- (2x+1)zy-zx=0              3- xzx-yzy = 0 

نًؼادنح  دهٕل  انًؼادلاخ انًساػذجاٚجاد  : تؼض خٕاص انتُاسة انتٙ َذتاجٓا فٙملاحظة 

 انجزئٛح : لاكشاَج

ػهٗ انتٕانٙ ْٔٙ دٔال  n, m, lػُذ ضشب انُسة انثلاث ) تسظ ٔيقاو( تذٔال يثم  -1

 فاٌ: x, y, zتانًتغٛشاخ 

lR

ldz

mQ

mdy

nP

ndx


 

 الاصهٛح تالاضافح انٗ آَا تسأ٘ يجًٕػٓا, ا٘ اٌ:ْٔزِ انُسة انثلاث تسأ٘ انُسة 


R

dz

Q

dy

P

dx

lRmQnP

ldzmdyndx





 

َستطٛغ اٌ َجذ يؼادنح تفاضهٛح اػتٛادٚح ) تًتغٛشٍٚ( ٔرنك  n, m, lنهذٔال تاختٛاس يؼٍٛ  -2

 .تاخز انُسثح انجذٚذج ) انشاتؼح( يغ ادذٖ انُسة انثلاث 

َجؼم يقاو انُسثح انجذٚذج ٚسأ٘ صفش فٛصثخ  َستطٛغ اٌ n, m, lتاختٛاس يؼٍٛ نهذٔال  -3

 +ndx فٛكٌٕ      nP+mQ+lR = 0انثسظ نٓزِ انُسثح ٚسأ٘ صفش ا٘ َجؼم : 

mdy+ ldz =0   تًثم ْٙٔODE .ًٚكٍ دهٓا تانتكايم انًثاشش 

Example: Find the general solution of the PDEs: 

1) z (xzx-yzy) = y
2
- x

2
                           2) x(y-z)zx+y(z-x)zy=z (x-y) 

Sol.  1) z (xzx-yzy) = y
2
- x

2
      → xz zx-yz zy= y

2
- x

2
      → P = xz , Q= -

yz , R = y
2
- x

2 

Then Lagrange system:   
22 xy

dz

yz

dy

xz

dx





  

 zيٍ خٕاص انُسة ًٚكُُا دزف انكًٛاخ انًتسأٚح يٍ انثسظ أ انًقاو ٔتزنك ًٚكُُا دزف 

 يٍ يقايٙ انُسثتٍٛ الأنٗ ٔانثاَٛح:

yz

dy

xz

dx


  → 

y

dy

x

dx


 → ln x = - ln y+ ln A1  → ln x+ln y=ln A1 → ln 

xy =ln A1 → xy = A1 

Then u1= xy = A1  

To find u2: 

Method (1):  
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ٔجًؼٓى  zب ٔانثانثح  yٔانثاَٛح ب  xتاستخذاو انًلادظح اػلاِ ٔتضشب انُسثح الأنٗ ب 

 ُٚتج انًقاو:

x(xz)-y(yz)+z(y
2
-x

2
)= x

2
z-y

2
z+y

2
z-x

2
z =0 

 ٔاٚضا ٔتاستخذاو خٕاص انُسة فاٌ:

x dx + y dy  + z dz =0   →  c
zyx


222

222

   →   x
2
+y

2
+z

2
=c  →   u2 = 

x
2
+y

2
+z

2
 = A2 

Then the general solution:    ( xy, x
2
+y

2
+z

2
)=0 

Method(2): 

 :ٔجًؼًٓا y-ٔانثاَٛح ب  x-تضشب انُسثح الأنٗ ب 

2222 xy

dz

zy

ydy

zx

xdx










→

2222 xy

dz

zyzx

ydyxdx







→ 

2222 )( xy

dz

xyz

ydyxdx







→

dz
z

ydyxdx



 

→ z dz= -xdx – ydy   →  xdx + ydy + zdz=0 → c
zyx


222

222

   →   

x
2
+y

2
+z

2
=c   

→   u2 = x
2
+y

2
+z

2
 = A2 

Then the general solution:    ( xy, x
2
+y

2
+z

2
)=0 where  is an 

arbitrary function. 

Sol. 2) x(y-z)zx+y(z-x)zy=z(x-y)  → P= x(y-z) , Q= y(z-x) & R= z(x-y) 

Then Lagrange system:   
)()()( yxz

dz

xzy

dy

zyx

dx








 

تًا اٌ َسثح يجًٕع تسطٙ انًؼادنح الأنٗ انٗ يجًٕع يقايٛٓا ٚسأ٘ كلا يٍ انُسة اػلاِ 

 فاٌ

)()()( yxz

dz

xzyzyx

dydx







  →       

zyzx

dz

xyyzxzxy

dydx







    →        

zyzx

dz

yzxz

dydx







 

→ dx+dy=-dz  →  dx + dy + dz=0 →     x+y+z=c →   u1 = x+y+z = 

A1 
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 فاٌ: xyzلاٚجاد انذم انثاَٙ َضشب اطشاف انًؼادنتٍٛ انتاتؼتٍٛ ب 

)()()( yxz

xyzdz

xzy

xyzdy

zyx

xyzdx








  →  

)()()( yx

xydz

xz

xzdy

zy

yzdx








  

ٔتًا اَّ َسثح يجًٕع تسطٙ انًؼادنح الأنٗ انٗ يجًٕع يقايٛٓا ٚسأ٘ كلا يٍ ادذٖ 

 انُسة فاٌ:

)()()( yx

xydz

xzzy

xzdzyzdx







 →  

yx

xydz

xy

xzdzyzdx







→  yzdx+xzdz = -xydz → 

yzdx+xzdz+xydz=0 

d(xyz)=0 →  xyz = A2 

Then the general solution:    (x+y+z, xyz)=0  where  is an arbitrary 

function. 

H.W. Find the general solution of the PDEs: 

1) x
2
zx+y

2
zy=z

2
       2) (y

3
x-2x

4
)zx+(2wy

4
-x

3
y)zy= z(x

3
-y

3
) 

2.2: Cauchy Problem  

 Cauchy problem is the problem of finding the particular solution of 

1
st
 order PDE satisfying given condition (Cauchy Data). 

Or Cauchy problem is the problem of finding the integral surface of 

1
st
 order PDE passing through given curve in (parametric form). 

*Method of Solving Cauchy Problem 

 To find the particular integral surface z=z(x, y) of the PDE:   

P zx+Q zy = R 

which passing through the curve: 

                                                          [ x=x(t) , y=y(t) , z=z(t) ]                  

…..(2.3) 

Step(1) Solving Lagrange system 
R

dz

Q

dy

P

dx
  to obtain the 

characteristic curves: 

u1(x, y, z)=A1 & u2(x, y, z)=A2          …………(2.4) 

Step(2) Substituting x, y, z from (2.3) into (2.4), we get: 
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u1(t) = A1  & u2(t) = A2                      …………(2.5)  

Step(3) Eliminating t from (2.5) to get a relation between A1 & A2. 

Step (4) Setting the value of A1 & A2 from (2.4) in this relation , we 

get the solution of Cauchy problem. 

Note: If the given curve is in terms of x, y, z then we must write it in 

parametric form (in terms of t). 

Example(1): Find the solution of the following Cauchy problem: 

zx+zy=z    with     [x=t, y=0, z=cos t] …..(1) 

Or find the particular integral surface of the PDE which satisfying 

Cauchy data. 

Sol. P= 1, Q = 1 & R=z, then the Lagrange system: 

z

dzdydx


11
 

dx = dy → x=y+c → x-y = A1  …..(2) 

dy = 
z

dz
 → y – ln z =A2  ……(3) 

substituting (1) in (2) & (3), we get: 

t – 0 = A1  → t = A1 

0 – ln (cos t) = A2  → - ln (cos A1) = A2 → A2=- ln (cos A1)  

Setting the values of A1 & A2 from (2) & (3), we get: 

y- ln z = - ln (cos (x-y))  → ln z ,= y + ln (cos (x-y)) e  z= e
y
 cos (x – y) 

integral surface passing through the curve. 

Example(2): Find  the general solution of the PDE  (2x+1)zy-zx=0 and 

then find the particular solution that satisfying the condition z(1, y)=y – 4 . 

Sol. P = -1, Q =2x + 1  & R =0, then Lagrange system:  
0121

dz

x

dydx






 

dz =0 → z= A1  ,                                                             ……(1) 
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 x

dydx
 → ( 2x+1) dx = -dy → x

2
+ x + y = A2        ……(2) 

Then the general solution:     ( z, x
2
+ x + y) =0  

The given curve in parametric form: [ x=1, y=t, z=t-4]  ……..(3) 

By substituting (1) & (2) in (3), we get: 

 t- 4 = A1 

1+1+t = A2   → 2+t = A2 

A2 – A1=6   →    x
2
+ x + y-z = 6     ( 2يٍ  1تطشح   )   

H.W.  Find the particular integral surface of the following PDE which 

satisfying Cauchy data: 

(1) 4yz zx+zy+2y=0  ,  x+z =2, y
2
+z

2
=1 

(2) y zx=x,   x=0, z=y
3 

(3) 2zx-xzy=xz ,   x= t, y= t
2
, z=t

3 

(4) zx-zy=1, z(x, 0) = x
2 

Sol.1) 4yz zx+zy+2y=0  → 4yz zx+zy=-2y → P=4yz , Q=1 & R=-2y  

Then Lagrange System: 
y

dzdy

yz

dx

214 
   

 
y

dzdy

21 
   → -2y dy=dz → dz+2ydy=0 → z + y

2
 = A1 …..(1) 

y

dz

yz

dx

24 
  → 

zy

zdz

yz

dx

4

2

4 
   → 0

44

2






zyyz

zdzdx
 → dx +2zdz=0 → x + z

2
=A2 

….(2) 

The general solution is:  ( z+y
2
, x+z

2
 )=0 

To find the particular solution 

x+z =2 → x = 2-z   , y
2
+z

2
=1 →  21 zy   

let z = t  , x = 2- t , 21 ty     …..(3) 
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substitute (3) into (1) & (2), we get: 

 t + 1- t
2
 = A1      &    2 – t + t

2
 = A2 

by adding , we get:  A1+A2 = 3 

→ z+y
2
 + x+z

2
=3  → (z

2
 + x)+(y

2
+z)-3=0 is a particular integral surface 

to the PDE. 

 

 

 

 

2.3. Surface Orthogonal to Given Family of Surfaces 

    To find equation of surface orthogonal to given family of surfaces f (x, 

y, z) = c  [i.e. the surface which intersect each of the given surfaces at 

right angles (orthogonally)]: 

(1) Differentiate f (x, y, z) partially w.r.t. x, y & z to get:  

z

f

y

f

x

f












,,  

(2) Solve the PDE ( Lagrange PDE): 

z

f
z

y

f
z

x

f
yx














 

{which determine the surface orthogonal to the given family of surfaces}. 

To obtain particular solution which represent the orthogonal surface. 

Example: Find the equation of the surface passing through y=x, z=1 and 

orthogonal to the family of surfaces x
2
+y

2
+z

2
=cx. 

Sol. x
2
+y

2
+z

2
=cx → c

x

+z+yx


222

 → 
x

+z+yx
zyxf

222

),,(   

2

222

2

222 )()2(

x

zyx

x

zyxxx

x

f 








,          

x

y

y

f 2





 ,           

x

z

y

f 2





 

The PDE: 
2

222

x

zyx 
zx+ yz

x

y2
=

x

z2
 



25 
 

The Lagrange system : 

x

z

dz

x

y

dy

x

zyx

dx

22
2

222



   → 

z

xdz

y

xdy

zyx

dxx

22222

2




 

z

xdz

y

xdy

22
   → 

z

dz

y

dy
  → ln y = ln z +ln c → ln y- ln z = ln c → c

z

y
lnln 

→ 1A
z

y
 ….(1) 

ٔتجًغ انُسة ٔاخز انُسثح انجذٚذج يغ  zٔانثانثح ب  yٔانثاَٛح ب  1تضشب انُسثح الأنٗ ب 

 انُسثح انثانثح:

22222

2

22 z

xzdz

y

xydy

zyx

dxx



 

→ 
z

xdz

zyzyx

xzdzxydydxx

222 22222

2





 → 

z

xdz

zyx

zdzydyxdxx

2

)(
222





 →  

z

dz

zyx

zdzydyxdx

2

)(
222





 

→ 
z

dz

zyx

zdzydyxdx





222

)(2
  → ln ( x

2
+y

2
+z

2
 ) = ln z+ln c →  ln ( x

2
+y

2
+z

2
 ) 

- ln z = ln c 

→ c
z

+z+yx
ln

 )  ( 
ln

222

   →  2

222  )  ( 
A

z

+z+yx
   …..(2) 

Then the general solution : 
z

zyx

z

y 222

)(


  

y=x,  z=1  → [ x=t, y=t, z=1]           ….(3) 

substitute (3) into (1) & (2), we get: 

A1= t
t


1
 ,     A2= 12

1

 ) 1 ( 2
222

 t
++tt

     →       A2 = 2A1
2
+1   →     2A1

2
-

A2+1=0   

→ 01)(2
222

2 



z

zyx

z

y
    is the equation of the surface orthogonal to 

given surface. 

H.W. 1) Find the equation of the surfaces orthogonal to the family of 

surfaces: z
2
=cxy. 
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2) Find the equation of the surface passing through x
2
+y

2
=1, z=1 and 

orthogonal to the family of surfaces z(x+y)=c(z+1). 

 

 

 

 

 


