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Introduction

A partial differential equation (PDE) describes a relation between
an unknown function and its partial derivatives. PDEs appear frequently
in all areas of physics and engineering. Moreover, in recent years we have
seen a dramatic increase in the use of PDEs in areas such as biology,
chemistry, computer sciences (particularly in relation to image processing
and graphics) and in economics (finance). In fact, in each area where
there is an interaction between a numbers of independent variables, we
attempt to define functions in these variables and to model a variety of
processes by constructing equations for these functions. When the value
of the unknown function(s) at a certain point depends only on what

happens in the vicinity of this point, we shall, in general, obtain a PDE.
In the first semester, we shall study the following three chapters:

Chapter One: Definitions and Preliminaries.

Chapter Two: First Order Quasi- Linear and Linear PDEs.

Chapter Three: First order Nonlinear PDEs.

Chapter Four: Higher Order linear PDEs.

Chapter One

Definitions and Preliminaries



Equations involving one or more partial derivatives of a function of
two or more independent variables are called partial differential equations
(PDEs). The general form of a PDE for a function u(xy, Xa,..., Xp) 1S :

F(X1, X2, -+« Xny Uy Uyg , Uyp, « ooy Uggg, .. .) =0 (1.1)

where X, X, . . ., X, are the independent variables, u is the unknown

function, and u,; denotes the partial derivative g—u. The equation is, in

general, supplemented by additional conditions such as initial conditions
or boundary conditions.

Well known examples of PDEs are the following equations of

mathematical physics in which the notation: uy :a_u’ uxy:‘a—u, uXX:@,
OX 0yox OX

etc., is used:

[1] One-dimensional wave equation: Uy = C? Uy,

[2] One-dimensional heat equation: u; = ¢? Uy

[3] Laplace equation: u,+uy, =0, (2-D), or UxtUy+U,=0

(3-D)

[4] Poisson equation: ux+uy, = f(x, y ), (2-D), or Uy tUyy Uz, =

f(xy.z), (3-D)

Def: The order is defined to be the order of the highest derivative in the
equation. If the highest derivative is of order k, then the equation is said
to be of order k. Thus, for example, the equation uy — uy, = f (X, t) is called
a second-order equation, while u; + Uy = 0 is called a fourth-order
equation.
The general form of the 1% order PDE is:

F(X,y,2,2,2))=0 , where z=z(x,y)
(1.2)

F(X, Y,z u, Uy Uy, z,) =0 , where
u=u(x,y,z) (1.3)



The general form of the 2" order PDE is
F(X, ¥, 2, Zx Zy, Zxx \Zxy Zyy) =0, where

z=z(X,y) (1.4)
Def: The degree of the PDE is the power of the highest ordered partial
derivative in the equation. For example: wave equation: Uy = c? u,, of the
2" order and 1% degree

heat equation: u, = c? Uy of the 2" order and 1%
degree
Def: A PDE is linear if the dependent variable and its derivatives are all

of first degree and not multiplied together, otherwise it is nonlinear.

For example z,=z,, is linear , while z,+zz,,=sin xy and %: 2y(%)2 are
X

nonlinear.
The general form of the 2" order linear PDE is
R(XY) ZactS(X, Y) 2oy + T(X, ¥) Zyy + P(X, Y) Z+ Q(XY) Zy+ Z(x)y)

=F(x, y) (1.5)
Where R,S, T, P, Q, Z are functions of the independent variables x and y.

Def: Nonlinear PDE is said to be quasi-linear if it is linear in the highest

ordered partial derivatives of the depended variable.
The general form of the 1% order quasi-linear PDE is
P(X,y,2) 24+ Q(X,y,2) z,=R(X,y,z) where z=z(Xx,Y)
(1.6)

Where P, Q, R are functions of the dependent variable z and independent

variables x, y. This PDE is called Lagrange Partial Equation. For

example z,+zz,,=sin Xy is quasi linear while 2—)Z/=2y(%)2 IS nonquasi

linear.



Def: A PDE is homogeneous if each term in the equation contains either
the dependent variable or one of its derivatives. Otherwise, the equation
Is said to be non-homogeneous.

For example the 2™ order linear PDE (1,5) is nonhomogeneous, if F(x, y)

=0 then it is homogeneous.

Def: The PDE is called with constant coefficients if all the coefficients
are constants; otherwise it is with variables coefficients. For example
Zt224+2,,=0 is of constant coefficients while X2 zXX-y3 2,y+2,=0 is of
variable coefficients.

Def: The linear PDE is said to be of homogeneous terms if all the partial

derivatives appearing in the equation are of the same order. For example

o’z 0z ) . :
PRI " 4x is of homogeneous terms while
X X
3 3 2
X’ %+ 5Xy aazgy - % =x* is of nonhomogeneous terms.
X X X

Constan
t
Coeffici

ZXX-ZZXy+22yy=X+3y

X°ZY 2y +Z,=SiNX 2

‘ xz:::=y3zxx 3




‘ 2(x* z,+y” 7,)=xy’cosz

0z 0z
T = Zy(_

oy 8x)

7%+ 22,,+32° =Xy 2

X?2,,-2°=0

0’z oz [
ﬁxay)+3(5) P30

Def: A solution of a PDE is a function u such that it satisfies the equation

0%z
(%) +2(

under discussion and satisfies the given conditions as well. In other
words, for u to satisfy the equation, the left hand side of the PDE and the

right hand side should be the same upon substituting the resulting



solution. For example, u = x> — y?, u = €* cos(y), and u = In(x*+y?), are all

solutions to the two-dimension Laplace equation ux+uy, = 0.

Def: A general solution of a PDE is a solution that contains arbitrary
function equal in numbers to the order of the PDE. A particular solution
of a PDE is a solution obtained from the general solution by particular
selection of the arbitrary functions.

Remarks: 1- The general solution of linear ODE of order n is a family of
solutions depending on n arbitrary constants. In the case of PDE, the
general solution depends on arbitrary functions rather than on arbitrary
constants.

2- In the case of ODE, the first step is to find the general solution and
then a particular solution is determined by finding the values of arbitrary
constants from the given conditions. But for PDE, selecting a particular
solution satisfies the given conditions from the general may be more
difficult, because the general solution of PDE contains arbitrary

functions.

Def: The complete solution of PDE is a solution that contains arbitrary

constants.

Properties of arbitrary functions:

1- If ¢(u) is an arbitrary function and A is a constant then each of
Ap(u) , o(Au) and @(u)+A is an arbitrary function.

2- If @(u) is an arbitrary function then ¢'(u)and j p(u)duare arbitrary
functions.

3- If A; and A, are arbitrary constants then A; can be written as an
arbitrary function of A,, that is A;=¢(A,) also A=¢(A,).

4- If ¢(u,v) =0 where ¢ is an arbitrary function then u can be written
as an arbitrary function of v, u =y(v) also v=0(u).

Y



Def: Initial value problem (IVB) is the problem of finding an
unknown function of PDE satisfying initial conditions 1.C. (which
describe the unknown function throughout the given region at an
initial point).

Def: Boundary Value Problem (BUP) is the problem of finding an
unknown function of PDE satisfying boundary conditions B.C. (which
describe the unknown function at boundary points of the regions).

Def: Initial-Boundary value problem (IBVP) is the problem that
consists of PDE and I.C. and B.C. The IBVPs are mathematical model

of most physical phenomena.

Example: IBVP:

PDE: Ui=Uyy O<x<lI,t>0

1.C.: Ui, 0=T,, 0<x<I

B.C.: U, t) =Ty, t>0 0
U, t) =T,

The heat equation in a rod of length I.

Example: Verify that z =Ax*+By* where A and B are arbitrary
constant is a solution of the PDE:  xz,+yz,=2z diff. with respect

toxandy, we get:

Q:ZX:ZAX
OX

%:ZV:ZBy

L.H.S. = xz,+yz,= X (2AX)+y(2By) = 2Ax*+2By’ = 2(Ax’+By’) = 2z
=R.H.S

Then z = AX*+By” is a solution of the given PDE

This solution is called complete solution of the PDE because it is

contains arbitrary constants A & B.



Example: Verify that z = ¢ (2x + y) where ¢ is arbitrary function is a
solution of the PDE z,-2z,=0 .
z= @ (U), u=2x+y

diff. w.r.t. xand y , we get:

0 Op ou

—_— = = — = 'U2:2 ,u
oX ° ou ox ' 7
a 8 au ’ !
_:Zy:_¢,_:¢(u).1=¢,(u)
oy ou oy

L.H.S. =2,-2z,= 2¢'(u)-2¢'(u)= 0=R.H.S.
Thenz = ¢ (2x +y) is a solution of PDE z,-2z,=0

This solution is called the general solution of the given PDE because it

contains arbitrary function equal to the order of the PDE.

Example: Verify that z= y*+yp(X)+y(x) where ¢ & y are arbitrary

2
functions is a solution of the PDE % =2.

diff. w.r.t. xand y , we get:

0z

vk 2y +o(x)
0%z

Yk 2

Then L.H.S.=2=R.H.S.
It is a general solution of the PDE because it has arbitrary functions.

Some particular solutions:

7= YAy sinx+x2 2= YPHYH2X, z=yPHY Inx+xC
H.W.: Verify that: 1- z=Ax+A%*+B is a solution of the PDE :
oz 0z,
Y oyt
Y yZ)

2- u=g@(x-ct)+y(x+ct) is the general solution of the wave equation :

_.2
Ur=C Uy

1.2.: Construction of PDE from a Solution

q



We can find the PDE from a given relation between the variables
(which represent a solution) by:
- Elimination of arbitrary constants.

- Elimination of arbitrary functions.

Elimination of arbitrary constants:

Consider the dependent variable z is a function of two independent
variables x and y.
Case (1): The number of arbitrary constants < the number of independent
variables
I.e. The given solution is defined by the relation :
F(x,y,z,A,B)=0 or F(x, v, z, A)=0

where A and B are arbitrary constants.

Then we can find the PDE by the following steps:

Step (1): Differentiating (1.7) partially with respect to x and y, we get
two equations.

Step (2): Eliminating the arbitrary constants from the given solution (1.7)
and these two equations (from step 1) , will get the required PDE. In this
case, we get one or more PDE of 1% order.

Case (2): The number of arbitrary constants > the number of independent
variables.

e F(x,y,z A, B, C)=0 (1.8)
where A, B and C are arbitrary constants.

We perform step (1) as in case (1) but these resulting equations are not
sufficient for the elimination of three constants. So we must obtain the
partial derivatives of order two and the eliminating the arbitrary constants
(A, B and C) from these equations will give the PDE.



In this case it is possible to get more than PDE which is of order

higher that in the first case.
Example 1: Find the PDE by eliminating the arbitrary constants from

each of the relations:
1- z = A +By? where z=z(X, y)
2- Z=Ax+Yy
3- z=Ax+ By + Cxy
Sol. 1- z= AX*+By* ..... (1)

z,=2By ... 3 — B=-1L

Then by substitutingeq. 2 & 3in 1, we get:

7=+ Lyt = Lxz,+1yz, isa PDE of the first order
2X 2y 2 2

2- Z=Ax+y ...... (1)
2=A 2 — A=z
z,=1 3)

Then by substituting eq. 2 in 1, we get:
Z=XZ+ty — XZ,+y=z isaPDE of the first order

3-z=Ax+By+Cxy ... (1)
z=A+Cy .. (2)
2,=0 isaPDE of the 2" order
2,=C e (3)
z,=B+Cx . 4)

2,,=0 is a PDE of the 2" order
by substituting 3in4 , we get:  z,=B + Xz,
— B: Zy_XZXy ....(5)

AR



by substituting 3in2,we get: z,=A+Yy1zy
— A=Z,-Y1Iy ....(6)

by substituting 3,5, 6 in 1, we get:

2= (= YZy) X+ (Zy-XZy) Y+ XY Zy D Z=XZ— XY Zy T Y Zy - XY Zyy +

Xy ny
—Z=X1Z— Xy Zy +YZ isaPDE of the 2" order.

Example 2: Find the PDE of the family of spheres with centers on the x-

axis.

Sol. The equation of the sphere with center (a,b,c) and radius r is:
(x- @)°+(y- b)*+(z- ¢)*=r*

Then the equation of the sphere with center (a,0,0) and radius r is:
(- a)+(y- 0)+(2- 0= /

(x- @)+ y*+2°=r* ... (1)
By derivative (1) w.r.t. x, we get: 2(x-a)+2zz=0 .......... (2)
By derivative (1) w.rt.y, weget: 2y+2zz,=0  .......... 3)

Theny + z z, =0 is a PDE of the family of spheres with centers on the x-

axis.

H.W.1 : Find the PDE by eliminating the arbitrary constants from each of

the relations:
1) z=A(X +Y) 2)z=Ax+ A% +B 3) Ax+By + Cz =1

H.W.2: Find the PDE whose solution is all spheres with centers on the x-

axis and of radiusl.



Elimination of arbitrary functions:

Consider the dependent variable z is a function of two independent
variables x and y.
Case (1): The solution contains n arbitrary functions of the form ¢ (u)
where u = u(x, y).
Step (1): Differentiate the solution partially w.r.t. x & y (we must find the
partial derivatives of order n).
Step (2): Eliminating the n arbitrary functions and their derivatives from
the resulting equations will give PDE of order n.

Example: Find the PDE whose general solution is given by the relation:
1- = ()+y(y)  2-2= Xy (xy)

Sol.
1- 2=(x)+ yAy)
z=9'(x) & z=y(y)
=¢"(x) & zp=y"(y) & z,=0IisaPDE of order 2.
2- 7= X2 yp(x-Y) (D)

222X Y(X-y) + Xy ' (X-Y) ()

2, =Xy y) = Y= ()

by substituting (3) in (2), we get:

ZX

2,=2X z//(x-y)-xz% — YX-y)= 2+Xzy )

by substituting (4) in (1), we get:

e z,+12, is a PDE of the 1% order.
X

Case (2): Where the solution is given by the relation ¢(u, v)=0
where u=u(x, y, z) and v=v(X, Y, z).
Then differentiating the relation partially w.r.t. X & y respectively,

we get:



dpou ou, | 0PIV NV, g (1)
ou|lox oz | ov|ox oz
o9 a_u+8_uzy +8_(0 @+@Zy =0 ... (2)
ouloy oz | ov|oy oz

eliminating g—‘j & Z—(j from (1) & (2), we have:

ou au ov oV
—+—12, — 4 —z
OoX 0z OX 0z
ou ou oV oV
—+—7 — 4+ —7
oy oz’ oy oz’

X

=0

ou ou oV oV oV oV ou ou_ 4_
— [&—i_EZX][E-’_EZy ]-[&+EZX][5+EZY]_O

— (UyVz=UVy) Zu (U V-UyV;) Zy =(UyVy-UyVy)

This PDE is of the form Pz,+Qz,=R (Lagrange PDE).
Example: Find the PDE whose solution is given by the relation:

1- ¢(%,X—y)=0 2- ¢ (X*-2%, X*-y*)=0
Sol. 1- go(iz,x—y):O — U(x,y,2)=i2 V(X Y, Z)=X-y
X X
- 27 Zy 1
— u, = - ’uy:F’ UZZF

& v, =1 v,=-1 v,=0

( UyVZ' Usz)ZX+(UZVX' UXVZ) Zy = (uXVy' UyVX)

z 1 2 =( =2 ‘
= G0 sg (M aa(e 1S az=( =5 (1

1 1 _ 27 Z —
A I e b

2- 0 (X277, X°Y)=0 > u(x,y,2) =x*-2> V(X y,2)=x—y°
U=2x, u~=0 u=-2z
V= 3%, V,=-3y°, v,=0

(UyVZ-uZVy) ZX+(UZVX-usz) Zy =(uXVy-UyVX)

V¢



— (0 (-22)(-3y)) +((-22)(3X)- 0) 2,=((2x)(-3y)-0)
— -67y° 7, 6X°2 2,= -6Xy*  — 62y° 7,0+ 6X°Z Z,= BXY’
H.W: Find the PDE whose solution is given by the relation:
1- 2= 2- In 2=y+ (x-y) 3-u=g (x-
ct)+y (x+ct)
4-(p(§,%):0 5- p(x*+y%,2)=0  6-p(x-y,Inz-y)=0 7-

2 =AX+9 (Y)

Chapter Two

First Order Quasilinear and Linear PDE

In this chapter we shall solve the first order quasilinear PDE by

using the method of characteristics due to Lagrange.

\o



The 1% order linear PDE is of the form:
P(x, y) z« + Q(X, y) z, +Z(x, ¥) z = f(X, y) where

z=z(X, y) (2.1)
The 1% order quasilinear PDE is of the form:

P(X,y, z) z« + Q(X, Y, 2) z, = R(X, Y, 2) where
z=2(X, Y) (2.2)

and it is called Lagrange Partial Equation.

2.1: Solving Quasilinear PDE (Lagrange PDE)

The general solution of PDE in (2.2) is ¢ (u, uy)=0 where ¢ is an
arbitrary function and uy(x, y, 2)= A1, Ux(X, Y, )= A, are two independent
solution of the ODE:

dx dy dz

P Q R
these first order ODE is called Auxiliary equations ore Lagrange system.

* Method of Solution the Lagrange System:

Step(1): Write down the auxiliary equations (Lagrange system):

dx dy dz

P Q R
Step (2): Find two independent solutions of Lagrange system say:
ui(x, y, 2)= Ay,
Uz(X, ¥, 2)= A

Step (3): Set ¢ (uy, Up)=0 where ¢ arbitrary function and this represent the
general solution of Lagrange PDE.

Also it has the form : u;= w(uy) or u; = w(uy)

Set u;= Au,+B or u;= Au,+B where A & B an arbitrary constants and
this represent the complete solution of Lagrange PE.



Remark: Lagrange method may be extended to solve 1% order
quasilinear PDE containing more than two independent variables.

*Geometrical interpretation of the general solution:

The general solution of ODE represent integral curves in xy-plane
R?, but the general solution of PDE represent integral surface in (X, y, z)-
space R®.

Example: Find the general solution of the Lagrange DEs :

1- Xz4-yz,~-3z=0 2- 3z,+4z2,=2 3- zX+zy:£
X

Sol.: 1) Xz-yz-3z7=0 — Xz,-yz,=3z — P=X, Q=-y & R=3z —The
Lagrange system :

d—)z(:d—);:% , to find two solution of Lagrange system:
x_dy Inx=-Iny+Inc— Inx+Iny=Inc— xy =A;
X -y

dx_dz 9 X b, nz3Inx=Inc — is:A2—> U=
X 3z Z X X

Then the general solution is : ¢ ( xy, %)zo where ¢ is an arbitrary

function.
The complete solution is : u;=Au,tB — xy = Aé + B or u,=Au;+B —
X

% =Axy+B where A & B are arbitrary constants.

2)3z,+4z~2 — P=3, Q=4 & R=2 —The Lagrange system:

% :% :% , to find two solution of Lagrange system:
dx dy 1 1 1 1

e — —> —X——V= —> U1=—X——Vy=
3 4 3T VTA =X Y=A



dx dz 1 1 1 1
—=— 5  Xx-=1z= —  W==Xx-—z=
3 A, 2=3%73 A,

Then the general solution is : ¢ (%x—%y,%x—%z)zo where ¢ is an
arbitrary function.
e — 1.1 _ a1 001
The complete solution is : u;=Au,+B — X3V = A(gx—Ez) +B
_ 1.1 _,/1 1 :
or u;=Au;+B — §X_EZ_A(§X_Zy)+B where A & B are arbitrary
constants.

3) ZX+Zy:E —-P=1,Q=1&R= 2z —The Lagrange system:
X X

% =% = % , to find two solution of Lagrange system:
X
dx dy

T TXTYEAI UEX-YEA

%:E_) %:X_dz — Z_Cj)(:% RN %—@:0 RN InZ_ZInX
1 2z 1 2z X z z X
X
:C—>u2:i2=A2
X

Then the general solution is : ¢ ( x-y, %) =0 where ¢ is an arbitrary

function.

The complete solution is : u;=Au,+B — x-y = A (%) +B

or u=Au;+B — % =A( x-y )+B where A & B are arbitrary constants.

Remark: If any coefficient P, Q or R in the equation equal to zero then
we put dx, dy or dz respectively equlal to zero. For example : if Q =0 then
the Lagrange system is:

%zﬂzE — dy =0 — y=¢ — u1=y=A1 and we get u,=A, from

P 0 R



H.W.: Find the general solution of the Lagrange DEs :

1- xz,+2z=0 2- (2x+1)z,-2,=0 3- XZx-yz, = 0
Ualaal saclsall CValaall Jola dlag) (A Lealing ) anlill) Gal & Gy - Aiada
A all il SY
OB X, Y, 7 Sl il
ndx_mdy _ldz
nP mQ IR

OV ) e gana (g sbut L) ) AdlaYL Alay) il s sbusi &30 il 034

dx _dy _dz _ ndx+mdy+ldz

P Q R nP+mQ +IR

Sl (Grwitiar ) Aaaliie ) Aplialds Aalas aa o) ki n, m, | J)sall cpma AL Y
N ol saa) e () 1) ) Byaall dpail) 320
zuad Hiia (g s aaall dadll Glae Jaad o) wlatii n, m, T dlsall e Jlialy Y
ndx+ o588 NP+HMQ+IR =0 : daai ) Jba (o sbon Zauill o3¢] Jasall
bl el Ll Sy ODE Jias 4 smdy+ Idz =0

Example: Find the general solution of the PDEs:
1) z (xzcyz) = Y- X° 2) X(y-2)z+y(z-X)zy=2 (X-Y)

Sol. 1)z (xzeyz) =y-X  —x2zyzz,=y-x —P=xz,Q=-
yz, R=y* ¥

dx dy dz
Then Lagrange system: —=-—-=
grange sy xz —yz Yy -Xx°

7 i i€y llyy g Al 5) Tanal) (30 Ay shaciall laeS)) Cida Uiy sl Ll 53 (o
Al 5 (AW el alia (g

—Inx=-Iny+InA; — Inx+lny=In A; —> In

dx_dy _, dx_dy
Xz -yz X -y
xy=In A; — xy =A;

Thenui=xy = A;
To find u,:
Method (1):



el &
X(X2)-y(y2)+z(y*-x?)= X°z-y’z+y’z-x’z =0

8 ol (yal 53 135l s Lini

2 2 2
z

xdx+ydy +zdz=0 — X?+y?+?=c — X+y*+7°=Cc > Uy =

X2+y2+22 — A2
Then the general solution: ¢ ( xy, X’+y*+2°)=0

Method(2):
lagran 5 -y 0 Ll 5 -x @ (oY) Al G puay

—xdx —ydy dz — xdx— ydy dz —xdx— ydy dz

= = —> = — =
%%z yZZ yz_xz —x22+y22 yz_xz Z(yZ—XZ) yz_xz
—xdx—ydy .

z

—

2 2 2
Z

— z dz= -xdx —ydy — xdx + ydy + zdz=0 — X?+y?+?=c —

X°+y*+2°=c
— Uy =X+ HE = A

Then the general solution: ¢ ( Xy, X*+y*+z°)=0 where ¢ is an
arbitrary function.

Sol. 2) x(y-2)z+y(z-X)z,=z(x-y) — P=x(y-z) , Q= y(z-X) & R=z(x-y)
dx dy dz

x(y-z) y(@z-x) z(x-vy)
oD canill (o IS (5 sbuy Lgnalia & gana () (A oY) Aabaall oy £ sane das () Ly

Then Lagrange system:

ol
dx+dy dz dx+dy dz
= — = —_—
X(y=2)+y(z—x) z(x-Y) Xy—XZ+YyzZ—Xy IX—1zy
dx+dy  dz

—XZ+YyZ IX—1zy

— dx+dy=-dz — dx +dy + dz=0 —» Xx+y+z=C > U; =X+ty+z=
A



Q@ XYZ @ il Cprilateal) ol jlal o pasal @tﬂ\ Jdadl alaay

xyzdx  xyzdy  xyzdz N yzdx  xzdy  xydz
x(y-2) y(z-x) z(x-Yy) (y-2) (z-x (x-y)

) (e S (g5l Lpalia £ s () AV Adladdl s & gana A 43) Ly

| QU |

yzdx+xzdz  xydz N yzdx+xzdz  xydz
(y-2)+(z-x) (x-y) y—X X—y
yzdx+xzdz+xydz=0

— yzdx+xzdz = -xydz —

d(xyz)=0 — xyz = A,

Then the general solution: ¢ (x+y+z, xyz)=0 where ¢ is an arbitrary
function.

H.W. Find the general solution of the PDEs:
1) Xoyn =2 2) (%2t 2wy*xy)z= 2(C-y)

2.2: Cauchy Problem

Cauchy problem is the problem of finding the particular solution of
1% order PDE satisfying given condition (Cauchy Data).
Or Cauchy problem is the problem of finding the integral surface of
1% order PDE passing through given curve in (parametric form).

*Method of Solving Cauchy Problem

To find the particular integral surface z=z(x, y) of the PDE:

Pz+Qz,=R
which passing through the curve:

[ x=x(t) , y=y() , z=z(t) ]
(2.3)

Step(1) Solving Lagrange system d—sz%:d—; to obtain the

characteristic curves:
ur(x,y, 2=A1 & Ux(X, ¥, 2)=A, ...l (2.4)

Step(2) Substituting x, y, z from (2.3) into (2.4), we get:

AR



Ul(t) =A; & Uz(t) =A, (2.5)
Step(3) Eliminating t from (2.5) to get a relation between A; & A,.

Step (4) Setting the value of A; & A, from (2.4) in this relation , we
get the solution of Cauchy problem.

Note: If the given curve is in terms of x, y, z then we must write it in
parametric form (in terms of t).

Example(1): Find the solution of the following Cauchy problem:

2x+z,=z with [x=t, y=0, z=cos t] .....(1)

Or find the particular integral surface of the PDE which satisfying
Cauchy data.

Sol. P=1, Q =1 & R=z, then the Lagrange system:

dx_dy_dz

1 1 z

dx=dy —» x=y+c > x-y = A; .....(2)
dy:%ay—lnz:Az ...... (3)

substituting (1) in (2) & (3), we get:
t—-0= A1 —1t= A]_
0—In(cost)=A, —-In(cos A)) = A, — A,=-In(cos A,)

Setting the values of A; & A, from (2) & (3), we get:
y-Inz=-1In(cos (x-y)) — Inz,=y+ In (cos (x-y)) —— z=¢€’ cos (x —Y)
integral surface passing through the curve.

Example(2): Find the general solution of the PDE (2x+1)z,-,=0 and
then find the particular solution that satisfying the condition z(1, y)=y —4 .

Sol.P=-1,Q=2x+1 & R =0, then Lagrange system: x__dy _dz
-1 2x+1 0

dz=0 »z=A,, .. (1)
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dx dy

__1_2X+1—>(2x+1)dx=—dy—>x2+x+y=A2 ...... )

Then the general solution: ¢ ( z, X*+ x +y) =0

The given curve in parametric form: [ x=1, y=t, z=t-4] ........ 3)
By substituting (1) & (2) in (3), we get:

t-4=A

1+1+t = A, - 2+t=A,

A—A=6 — XCHx+yz=6 (Yoo k)

H.W. Find the particular integral surface of the following PDE which
satisfying Cauchy data:

(1) 4yz z,+2,+2y=0 , x+z =2, y*+7°=1
)y z,=x, x=0, z=y°

(3) 2z-xz,=xz, x=t,y="t, z=t’

(4) z,2,=1, 2(x, 0) = X°

Sol.1) 4yz z,+2,+2y=0 — 4yz 7,+7,=-2y — P=4yz , Q=1 & R=-2y

Then Lagrange System: 4d—;=%=_d_22y
%:dey — -2y dy=dz — dz+2ydy=0 —» z + y* = A; .....(1)

dx dz dx 2zdz dx +2zdz
= e = — =
4yz -2y 4yz —4zy 4yz—-4zy

. 2)

The general solution is: ¢ ( z+Yy?, x+z%)=0

0 — dx +2z2dz=0 — X + 2°=A,

To find the particular solution
X+z=2 >Xx=2-7 ,y+7’=1 —> y=+1-72

letz=t ,x=2-t, y=v1-t* ....(3)
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substitute (3) into (1) & (2), we get:
t+1-=A; & 2-t+t=A,
by adding , we get: A;+A, =3

— 7+y? + x+2°=3 — (2% + x)+(y’+2)-3=0 is a particular integral surface
to the PDE.

2.3. Surface Orthogonal to Given Family of Surfaces

To find equation of surface orthogonal to given family of surfaces f (x,
Yy, Z) = ¢ [i.e. the surface which intersect each of the given surfaces at
right angles (orthogonally)]:
(1) Differentiate f (X, y, z) partially w.r.t. x, y & z to get:
of of of

ox'oy' oz
(2) Solve the PDE ( Lagrange PDE):
of of of
— 7, +—27,=—
OX oy 7 oz

{which determine the surface orthogonal to the given family of surfaces}.
To obtain particular solution which represent the orthogonal surface.

Example: Find the equation of the surface passing through y=x, z=1 and
orthogonal to the family of surfaces x*+y*+z*=cx.

X2+y2+22 X2+y2+22

Sol. X*+y*+z°=cx — =¢c — f(x,y,2)=

o x@x)-(C+y*+7°) x*-y -7° of 2y of 2z

ox G X2 ’ o x ' y X
2 22

The PDE; X =Y =2, 42V, =22

X X X
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The Lagrange system: — 9% _dv _dz_ xdx _xdy Xxdz

xi-yi-z® 2y 2z X-y'-2" 2y 22
x? X X
Xy _xdz-_,dy_d2  iy=mnz+inc—lny-Inz=Inc— nY=inc
2y 2z y z z
—>%:Al....(1)
oo Basan) 2l 34y ) panys 7 0 AN y o A 5 ) o Y1 Al
A Al
x’dx  xydy xzdz
x> —y*—-z> 2y* 27°
2
N X“dx+ xydy+ xzdz =xdz N x(xdx+ydy+zdz):xdz N
XX —y* -7 +2y*+27° 2z X2 +y? +7° 27

(xdx+ ydy+zdz) _dz
X +y°+12° 2z

R 2(xdx+ ydy+zdz) _dz —In ( x2+y2+22 )=Inz+Inc — In( X2+y2+22 )

X* +y® +17° z
-Inz=1Inc
— In@:mc — @z% ....(2)
Then the general solution : 1//(%) =¢
y=X, z=1 — [ x=t, y=t, z=1] ....3)

substitute (3) into (1) & (2), we get:

2 2,12
A==t A=) oe L A=2A%4 — 2A%
A2+l=0
2 2 2
— 2y XY %2 11-0 s the equation of the surface orthogonal to
Z z

given surface.
H.W. 1) Find the equation of the surfaces orthogonal to the family of

surfaces: z=cxy.
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2) Find the equation of the surface passing through x*+y’=1, z=1 and

orthogonal to the family of surfaces z(x+y)=c(z+1).
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